We propose a numerical method (implemented in Matlab) for computing algebraic quadrature nodes and weights on compact multivariate domains. It relies on the search of maximum volume submatrices of Vandermonde matrices in suitable polynomial bases, by a greedy algorithm based on QR factorization with column pivoting. Such nodes are approximate Fekete points, and are good also for polynomial interpolation. Numerical tests are presented for the interval and the square.
Introduction.
Our work started from the search for a strategy to generate good points for algebraic quadrature over general multidimensional regions. A possible approach is the following. Let Ω ⊂ R d be a compact subset (or lower dimensional manifold). Given a polynomial basis for Π 
and a sufficiently large and dense discretization of Ω
we can construct the rectangular Vandermonde matrix
A quadrature formula of algebraic degree of exactness n for a given measure µ on Ω can be obtained by solving the underdetermined linear system of the quadrature weights
that is in matrix form
provided that the "moments" {m j } are explicitly known or computable (cf., e.g., [39, 40] for the computation of polynomial moments over nonstandard domains). We observe that in the numerical literature there is not an universal agreement on the terminology on Vandermonde matrices, often V t (in our notation) is called the Vandermonde matrix; see, e.g., [2] .
The solution of such a system by a standard SVD approach (cf. [2, 27] ) would then give in general a vector of M nonzero weights, and thus a quadrature formula which uses all the original discretization points. On the contrary, if V t has full rank, its solution by the standard Matlab backslash "\" solver for linear systems (cf. [33] ) gives only N nonzero weights, and thus also an automatic selection of the relevant N quadrature nodes and weights. In a Matlab-like notation we can write:
Algorithm 1 (approximate Fekete points)
• w = V t \m ; ind = find(w = 0) ;
• X * = X(ind) ; w * = w(ind) ; V * = V (ind, :) ;
where ind = (i 1 , . . . , i N ), that is we get the two arrays of length N X * = {x i1 , . . . , x iN } , w * = {w i1 , . . . , w iN } ,
which generate the quadrature formula
Moreover, we also extract a nonsingular Vandermonde submatrix V * (corresponding to the selected points), which can be useful for polynomial interpolation. Computing quadrature weights from moments via square Vandermonde matrices is a well-known and developed approach in the 1-dimensional case (see, e.g., [25] ), whereas the general and multidimensional extraction procedure just sketched (based on rectangular Vandermonde matrices) seems in some respect new.
Our numerical experiments in the interval and in the square show that, when suitable polynomial bases are used, this formula is a good (stable and convergent) quadrature formula, and in addition the extracted quadrature nodes are good polynomial interpolation points (slow growth of the Lebesgue constant). This is essentially due to the implementation of the Matlab backslash operator for underdetermined linear systems, which is based on the QR factorization algorithm with column pivoting, firstly proposed by Businger and Golub in 1965 (cf. [11, 33] ). The result is that such points are approximate Fekete points, that is points computed "trying to maximize" the Vandermonde determinant absolute value, as we shall discuss in the next sections. Our work is mainly of computational kind, for a deep discussion about the theoretical issues of the present approach in the 1-dimensional case we refer the reader to the work in progress [5] .
2 Approximate Fekete points in the interval.
In order to show the potentialities of the method, we present in Table 1 below some relevant parameters concerning quadrature and interpolation in the 1-dimensional case, Ω = [−1, 1] and dµ = dx. The nodes are extracted from a uniform grid of 5000 points at a sequence of degrees, n = 10, 20, . . . , 60, with three different polynomial bases (the monomial, the Legendre and the Chebyshev basis). The parameters (given with two or three significant figures) are the spectral condition number of the transpose rectangular Vandermonde matrix, the euclidean norm of the weights system residual (say res(w) 2 = m − V t w 2 ), the sum of the weights absolute values (a measure of the quadrature stability, cf. [30] ), the Lebesgue constant Λ n (a measure of the interpolation stability, cf. [36] : such a quantity is evaluated numerically on a very large set of control points). Concerning quadrature, the required moments are known analytically, in particular by orthogonality the integrals of the Legendre basis polynomials are all vanishing except at degree zero (cf., e.g., [32] for the Chebyshev basis).
We can see that both the orthogonal bases give very good results, the best in terms of Lebesgue constant being obtained with the Chebyshev basis. On the contrary, the monomial basis suffers from ill-conditioning of Vandermonde matrices, which at higher degrees become even rank-deficient, i.e. rank(V t ) < N , so that Algorithm 1 fails to extract the correct number of points. This means that polynomial interpolation at that degree is not possible by the extraction procedure. Nevertheless, a quadrature formula can be constructed with a number of points (in parentheses) that is less than the dimension of the polynomial space of "exactness", and which gives still acceptable results (see also Table 5 below). Observe that we could have computed the Lebesgue constant also in the cases of failure using the available nodes, but we have avoided this since it makes sense only in one dimension (where any natural number can be the dimension of a polynomial subspace).
The good behavior of the points selected by Algorithm 1, for algebraic quadrature and for polynomial interpolation (at least when suitable polynomial bases are used), is directly related with the features of the Matlab "backslash" linear solver. In fact, in the case of underdetermined systems, such a solver performs a QR factorization with column pivoting of the matrix (cf. [11, 27, 33] ). In practice, this corresponds to a special QR factorization of the transpose Van 
where Q is orthogonal, R upper triangular with |r 11 | ≥ |r 22 | ≥ · · · ≥ |r N N |, and P a permutation matrix. More precisely, since inside a QR process with stepwise selection of the columns, we can see the diagonal element of R produced at a given step as a function of the matrix columns involved so far,
it can be shown that the QR algorithm with column pivoting acts in such a way to maximize r kk as a function of the vector variable γ k (the vector variables γ 1 , . . . , γ k−1 having been fixed by the previous steps). In other words, since
all the process can be re-interpreted as an heuristic optimization of the extracted Vandermonde determinant (as a function of N of the M original discretization points), based on sequential componentwise maximization of the factors. An equivalent but more "geometric" interpretation of Algorithm 1, is that related with the notion of volume of submatrices. Indeed, it can be shown that the QR factorization (8) (the core of the algorithm) is an implementation of the standard "greedy" approximation algorithm for selecting N columns with maximal associated volume, which can be sketched as follows:
-"remove the projection of col i k from every column of A";
end;
see, e.g., [5, 16] and references therein. It is worth stressing that (8) acts only on the matrix and thus the mere selection of the points in Algorithm 1 could be done with any right-hand side in the system (i.e., it is independent of the specific quadrature problem).
Observe that such a discrete nonlinear optimization problem is known to be NP-Hard (cf. [16] ), and thus heuristic/stochastic methods are mandatory. The strength of Algorithm 1 is that it gives good results in practice, by using only basic optimized tools of numerical linear algebra.
Points that maximize the Vandermonde volume in the continuum, the socalled Fekete (or extremal) points, are important in polynomial interpolation (see, e.g., [19, 35] ). This stems directly from the representation of the Lagrange cardinal polynomials for a given unisolvent set at degree n, say {ξ 1 , . . . , ξ N }, as the ratio of two Vandermonde determinants
(cf. (3) for the definition of V n ), from which it is clear that at a subset of Ω which maximizes the absolute value of the Vandermonde determinant, say F n = {φ 1 , . . . , φ N }, we have that the Lebesgue constant (the norm of the interpolation operator) is bounded by N
Such a rough estimate already shows that Fekete points are good interpolation points. Moreover, they can be also near-optimal interpolation points, as it happens in the 1-dimensional case, where they are known to be the GaussLobatto points by a classical result of Fejér and to have a Lebesgue constant growing like O(log n) (cf. [42] ). Much less is known in higher dimension, see [7] and references therein. The numerical computation of high-degree Fekete points on a given d-dimensional compact subset is a hard large-scale problem, since it corresponds to the optimization of a nonlinear function with 2N variables (recall that N ∼ n d /d!). Indeed even in important 2-dimensional instances, like the triangle which is relevant for the application to spectral element methods for PDEs, Fekete points have been computed only up to relatively small degrees; cf., e.g., [43, 34, 10] and references therein. A big effort has been made to compute Fekete (or extremal) points on the sphere, in view of their importance in applications, by methods that need large-scale computational resources, cf. [38] and references therein.
On the other hand, also the computation of good points for algebraic quadrature over d-dimensional compact subsets, especially for the so-called minimal quadrature formulas, is a substantially open problem with several important applications, whose direct numerical solution again involves large-scale nonlinear problems; cf., e.g., [17, 44] and references therein.
Our numerical experiments have shown that Algorithm 1 gives a reasonable compromise between quality of the quadrature/interpolation points, and computational cost. As sketched above, the method is related with the maximization of Vandermonde volumes, and thus we can call the produced points "approximate Fekete points". The following tables give more evidence in this direction, by comparing the Vandermonde volume (Table 2 ) and the Lebesgue constant (Table 3 ) of the 1-dimensional Fekete points with that of equally spaced points, of the three families of approximate Fekete points of Table 1 , and of the Gauss-Chebyshev and Chebyshev-Lobatto points which are known to be excellent interpolation points (the Vandermonde matrix is computed in the Chebyshev basis in all instances). In Table 4 , we report the euclidean distance of different arrays of points from the Fekete points (ordered arrays). The superiority of the orthogonal bases is confirmed also in terms of these parameters: in particular, the approximate Fekete points obtained by the Chebyshev basis are in all respects the closest to the true Fekete points. It is worth stressing the fact that, at least in the complex case (polynomial interpolation in C), there is a sound theoretical basis for the connection of our approximate discrete Fekete points with the continuum Fekete points, as it is made clear by the following key result (cf. [5] ) which applies in particular to the case of the interval.
Theorem 1 (Bos and Levenberg, 2008) Suppose that Ω ⊂ C is a continuum (i.e. compact and connected, not a single point). Suppose further that X n ⊂ Ω, n = 1, 2, . . . , are discrete subsets of Ω such that for all
(For example, if Ω = [−1, 1], X n consisting of order n 2+ε , ε > 0, equally spaced points would suffice).
Then, independently of the bases used, Algorithm 1 will generate sets of approximate Fekete points that have the same asymptotic distribution (see [29] ) as do the true Fekete points. Specifically, they tend weak- * to the equilibrium measure for Ω.
Notice that the number M = 5000 of discretization points used in the numerical experiments on the interval, is consistent with the assumptions of Theorem 1 up to the highest degree (n 2 = 60 2 = 3600). We conclude this section by showing a numerical test (Table 5) , where the quadrature and interpolation errors of the Runge function f (x) = 1(1 + 16x
2 ) at approximate Fekete points of Table 1 are compared with those at the true Fekete points. As expected, the points obtained via the Chebyshev-Vandermonde matrix are excellent quadrature/interpolation points. Notice that the points corresponding to the monomial basis even in the presence of severe ill-conditioning and rank-deficiency are able to give acceptable quadrature results, but with an observed error stalling around O(10 −4 ). 3 Iterative refinement.
The approximate Fekete points computed by Algorithm 1 depend on the polynomial basis adopted, as it is clear from the previous tables (even though, in the 1-dimensional case, all these points should "converge" theoretically to the true Fekete points, in view of Theorem 1). Using "wrong" bases, especially for the interpolation problem, leads to "bad" sets of points, due to the extreme ill-conditioning of the Vandermonde matrices, or even to computational failure since such matrices can become rank-deficient. As it is well-known in the 1-dimensional case, the problem of ill-conditioning is typical of the monomial basis. We recall, for example, that in view of the results of [22] , the spectral conditioning of V t for the monomial basis when M ≫ N = n + 1 is expected to be close to the square root of the conditioning of the Hilbert matrix of order N . The ill-conditioning can be attenuated or even eliminated by resorting to bases of orthogonal polynomials; cf., e.g., [24, 2] and references therein. This behavior is also evident in Table 1 .
The following iterative refinement algorithm, based on successive changes of basis by QR factorizations of the (nontranspose) Vandermonde matrices (with Q rectangular orthogonal and R square upper triangular), tries to give a computational solution to the problem of the basis choice. This will be particularly relevant in dimension greater than 1, where bases of orthogonal polynomials are not known explicitly for general domains.
Algorithm 2 (approximate Fekete points by iterative refinement)
end ;
• µ = P If V 0 = V is not severely ill-conditioned, then Q 0 is numerically orthogonal and V 1 = V 0 U 0 is close to Q 0 , that is the basis q (1) = pP 1 is (numerically) orthogonal with respect to a discrete inner product defined on the original M discretization points of Ω
If V 0 is severely ill-conditioned, then Q 0 might be far from orthogonality, and in addition since also R 0 is ill-conditioned then V 1 = V 0 U 0 is not close to Q 0 . Nevertheless, Q 0 and even V 1 are much better conditioned than V 0 . When V 0 is numerically full rank (cf. [26] ), the second iteration gives Q 1 orthogonal up to machine precision (the rule of "twice is enough", cf. [26] ), and V 2 near-orthogonal or at least sufficiently well-conditioned to apply successfully Algorithm 1. In practice, however, often one iteration is sufficient.
Algorithm 2 can work even when V t 0 is numerically rank-deficient (see the asterisks in Table 6 for iter = 0), since after some iterations we can get full rank and then another one or two iterations usually suffice as just described. The functional interpretation of Algorithm 2 is that the basis q (k) = pP k approaches a sort of discrete orthogonality at the original M discretization points of Ω.
In the following tables, the effect of iterative refinement is shown on the three families of points of Table 1. Observe that 1-2 iterations give a substantial improvement of the quality of the extracted points, for both the monomial and the Legendre basis (beyond, a stalling of the stability parameters is observed). On the contrary, a slight worsening appears with the Chebyshev basis concerning the Lebesgue constant (but only on the second significant figure), since this is already an excellent basis for the extraction process, whereas the iterative refiniment tends to produce the same discrete orthonormal basis (triangular like the starting bases). Indeed, unless the initial conditioning is too severe as with the monomial basis at high degrees, we can see that the final Lebesgue constants are (nearly) the same for all the bases, and increase very slowly (compare again with the true Fekete points).
In order to appreciate the quality of the approximate Fekete points obtained after the iterative refinement process, in Table 9 we compare again the quadrature and interpolation errors on the Runge test function. The performance is now very good also with the Legendre basis at all degrees, and with the monomial basis at low degrees. With the monomial basis at higher degrees, where we have a severe ill-conditioning of the original Vandermonde matrix (which entails also a severe ill-conditioning of the transformation matrix P s ), we can observe an error stalling/worsening like in Table 5 (no refinement), but remaining in any case 2-3 orders of magnitude below the unrefined case. The computation of approximate Fekete points in multivariate instances is a challenging problem. In principle, Algorithm 1-2 can be applied in any compact iter n = 10 n = 20 n = 30 n = 40 n = 50 n = 60 cond(V t ) 0 3.7E+00 5.0E+00 6.0E+00 6.7E+00 7.1E+00 7.5E+00 1 1.0E+00 1.0E+00 1.0E+00 1.0E+00 1.0E+00 1.0E+00 2 1.0E+00 1.0E+00 1.0E+00 1.0E+00 domain, as soon as a suitable basis and initial set of points have been chosen. So, the basic questions are: given a multidimensional compact domain, which could be a reasonable distribution of points? and which could be a reasonable basis to work with? The answers depend strongly on the geometry of the domain. Concerning the basis, the computational experience and the univariate theory (cf. [2, 24] ) show that a better conditioning is obtained using orthogonal bases (when available, cf. [20] about multivariate orthogonal polynomials), and that Algorithm 2 can improve substantially bases that are not "too bad", depending on the level of conditioning of the initial Vandermonde matrix.
Concerning the initial set of points, in the univariate case Theorem 1 gives a clear guideline, and it is worth recalling that the (continuum) Fekete points are known to be asymptotically nearly equally spaced with respect to the arccos metric. In multivariate instances, much less is known about the distribution of Fekete points. Some results have been recently obtained on the spacing of Fekete points in important standard geometries, like the sphere, the ball and the simplex, which can be summarized as
where F n is a set of Fekete points for the domain, c 1 , c 2 are positive constants and "dist" is the Dubiner (sphere, ball) or the Baran (simplex) metric (which are generalizations of the arccos metric); see [6, 7, 8] and references therein. The lower bound holds for the former with c 1 = π/2 in any compact set, by a general result of Dubiner [19, 8] .
These results give further support to the conjecture (Bos et al., see also [12] ) that "near-optimal" multivariate interpolation points in general compact domains, and in particular Fekete points, are asymptotically nearly equally spaced with respect to the Dubiner metric. We recall that the Dubiner metric on a compact subset Ω ⊂ R d has the following definition
for every pair of points a, b ∈ Ω, cf. [19] .
Such a distance is known in explicit form only for very few domains, namely for the square
2 , for the sphere where it turns out to be simply the geodesic distance, and for the disk where it is obtained by projection on a corresponding hemisphere
2 ≤ 1}, with natural generalizations in higher dimension to hypercubes, hyperspheres and balls (cf. [6, 7, 8] ).
Approximate Fekete points in the square.
Consider now, as a guideline, the case of the square Ω = [−1, 1] 2 . It is worth recalling that Fekete points are known in this case only for tensor-product poly-nomial spaces [9] , whereas here we are interested in total degree polynomial spaces.
Assume that at degree n there are (at least two) Fekete points in a euclidean neighborhood of the boundary with radius O(1/n), a fact that even though not rigorously proved till now, numerically is verified (indeed, Fekete points cluster at the boundary). Then from the spacing inequality (15) , which is only conjectured for the square, and the formula of the Dubiner metric (17), it is not difficult to see that there are Fekete points a ∈ F n such that
where k 1 , k 2 are positive constants. This suggests that, if we compute approximate Fekete points by Algorithm 1-2 starting from a uniform grid of points, the spacing of the grid should be O(1/n 2 ), i.e. we should use a O(n 2 × n 2 ) grid which has M = O(n 4 ) points. Now, since the dimension of the polynomial space is N = dim(Π 2 n (Ω)) = (n+ 1)(n + 2)/2 ∼ n 2 /2, and the computational complexity of the QR factorizations is O(M N 2 ) flops (cf. [27] ), our algorithm for the computation of approximate Fekete points has a cost of O(n 8 ) flops and O(n 6 ) storage at degree n, which becomes soon a very heavy computational load even using optimized routines of numerical linear algebra.
An alternative strategy could be that of starting from points that have already the right spacing as in (15), for example from a grid of (n + 1) × (n + 2) Chebyshev-Lobatto points, that are exactly equally spaced (with a O(1/n) spacing) in the Dubiner metric. In such a way we deal with M = O(n 2 ) instead of O(n 4 ) points, and the computational cost is pulled down by a factor n 2 to O(n 6 ) flops and O(n 4 ) storage. The qualitative idea behind this approach is that Algorithm 1 will then select half of these points as approximate Fekete points, possibly maintaining the correct spacing.
It is worth to stress that both the qualitative strategies sketched above to generate the starting discretization via the conjectured spacing in the Dubiner metric, have indeed also a foundation in the theory of "admissible meshes" for polynomial approximation developed very recently by Calvi and Levenberg in [15] . Both the strategies, in fact, produce (weakly) admissible meshes (at least qualitatively), as tensor products of 1-dimensional (weakly) admissible meshes. In [15] it is proved that maximizing the Vandermonde volume on such kind of meshes, gives approximate Fekete points that are (asymptotically) nearly as good as continuum Fekete points. An important fact is that the theory of [15] is applicable to many other multivariate compact domains, e.g. to domains that admit a Markov polynomial inequality, as well as to finite unions and products of such domains.
In Tables 10-12 we show at a sequence of low degrees the cubature and interpolation parameters of approximate Fekete points extracted by Algorithm 2 from a (2n 2 + 1) × (2n 2 + 1) uniform grid, and of those extracted from (n + 1) × (n + 2) Chebyshev-Lobatto and Gauss-Lobatto grids. Observe that following [15] the former is sufficiently dense to be an admissible mesh (see the proof of Thm.5 there), and the latter are tensor products of 1-dimensional weakly-admissible meshes. On the other hand, the latter are also (nearly for Gauss-Lobatto) equally spaced in the Dubiner metric (17) . We use the product Chebyshev orthogonal basis (cf. [20] ), suitably ordered, to construct the Vandermonde matrix. All the tests are done by an Intel-Centrino Duo processor 1.38 GHz with 1 Gb RAM, using Matlab 6.5 under Windows XP. To avoid possible confusion with the examples of the previous sections, we stress that here we extract approximate Fekete points with a fixed polynomial basis from different grids, whereas in the univariate examples we worked with different bases on a fixed grid.
In order to have a meaningful comparison, we report also the absolute value of the Vandermonde determinant (in the product Chebyshev basis) and the Lebesgue constant of the so-called "Padua points", and of a family of "Padualike" points obtained from the Gauss-Lobatto tensorial grid (PdGL). We recall that the Padua points, recently studied in [12, 3, 4, 13, 14] , are the first known optimal family for total degree bivariate polynomial interpolation, with a Lebesgue constant growing like O(log 2 n). At a fixed degree n, they are the union of the two subgrids of a (n + 1) × (n + 2) Chebyshev-Lobatto grid, obtained by alternating odd and even indexes in one direction, see Fig. 1 (indeed, there are four families of such points, obtainable one from the other by suitable rotations of the square). Their optimality is intimately related to the fact that they lie on a peculiar algebraic "generating" curve, see [3] . The "Padua-like" Gauss-Lobatto points, obtained in the same way as union of two subgrids of a (n + 1) × (n + 2) Gauss-Lobatto grid, are considered here for the first time.
We can see that the best approximate Fekete points seem those extracted from the Chebyshev-Lobatto tensorial grid (Table 12) , for example the Lebesgue constant with one refinement iteration tends to be the closest to that of the Padua points (a strange oscillation appears at degree n = 16, which however is present also in Tables 10 and 11 with the other grids). The quadrature weights are not all positive, but their ℓ 1 -norm remains close to 4 (the square area), that is the negative weights are few and small. Also extraction from the other grids gives good results, but with the (much more dense) uniform grid we begin to have memory allocation problems already at relatively low degree (n = 16 for iter > 0 and n = 20 already for iter = 0: see the machine features quoted above).
It is quite surprising that the Padua points exhibit numerically the largest Vandermonde |det|. This suggests a possible difference for Fekete points of total degree polynomial spaces with the univariate case and with tensor-product polynomial spaces, since it is known that tensor-product Gauss-Lobatto points are Fekete points for tensor-product polynomial interpolation [9] .
The use of Chebyshev-Lobatto tensorial grids allows to work without problems at much higher degrees, as we can see in Tables 13-14 . We report the Lebesgue constants of the approximate Fekete points (after one refinement iteration) at degrees 10, 20, . . . , 60, and the corresponding quadrature and interpolation errors on the bivariate Runge test function, compared to those of the Padua and PdGL points. Notice the very good behavior of the quadrature formulas, which turns out to be more accurate than tensor-product Gaussian formulas and even of the few known minimal formulas, a phenomenon already discussed in [41] (see the error curves in Section 3.3 there).
Conclusions and perspectives.
We have implemented (in Matlab) a method for computing approximate Fekete points, which is essentially based on a greedy algorithm for discrete maximization of Vandermonde determinants and uses only optimized tools of numerical linear algebra (QR-type factorizations of Vandermonde matrices on suitable discretization grids). The choice of the polynomial basis seems to play an important computational role, but it can be corrected and stabilized by discrete orthogonalization. See Algorithms 1-2 in Sections 1 and 3.
The numerical tests for the interval (Sections 2-3) and for the square (Section 4.1) have shown that such approximate Fekete points have very good features for algebraic quadrature and interpolation. Their Lebesgue constants grow slowly, and the associated quadrature weights, even though not all positive, show a bounded ℓ 1 -norm. The interval and the square are the only domains where optimal interpolation points are theoretically known, and indeed we have used such points for the purpose of comparison (in particular, the recently discovered "Padua points" for the square, see [12, 3, 4] ).
In the examples we have used a connection with the theory of metrics associated to polynomial inequalities and with the very recent theory of admissible meshes for polynomial approximation, see [7, 8, 15] . This connection, together with the relatively low computational complexity of the discrete method with respect to very costly maximizations in the continuum (cf. e.g. [43] ), seems to open the way towards computation of good points for global high-degree interpolation and quadrature in many other standard and nonstandard multivariate domains. On the other hand, also local polynomial methods based on piecewise interpolation over standard and nonstandard partitions of the domains could benefit of this new approach.
Moreover, the convergence theorem of [5] , reported at the end of Section 2, and some preliminary numerical tests suggest that the complex version of the present method could play a significant computational role in the interplay of complex polynomial approximation with potential theory and its applications: discrete electrostatic equilibria on 2-dimensional continua, digital filters, matrix functions, ... (cf. e.g. [1, 21, 28, 31, 37] and references therein). http://www.math.auckland.ac.nz/∼waldron/Preprints).
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